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1. Introduction 
The classical Burgers equation is the simplest nonlinear model in fluid dynamics[1] and has 
been widely used in the surface perturbations, acoustical waves, electromagnetic waves, density 
waves, population growth, magnetohydrodynamic waves[2-4], etc. The n-dimensional Burgers 
system in the form[5-7] 
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with an irrotational condition:  
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is an important generalization of the Burgers equation and was investigated recently by Yang Chen 
etc. In paper [5], where the authors have shown that the n-dimensional Burgers system (1) can be 
transformed into n-dimensional linear heat equation by a n-dimensional Cole-Hopf 
transformation. 
   In the present paper we will study further n-dimensional Burgers system (1) by using the idea 
of SHB[8], which means that an undetermined function )(ϕff =  and its derivatives 
xx ff ϕϕ)(′= ,…, that appearing in the original homogeneous balance(HB)[9-12], are replaced by a 
 1
 logarithmic function )ln(ϕA and its derivatives ( ) ϕ
ϕϕ xx AA =ln ,…, respectively, where 
constant A  and the function ),( txϕϕ = are to be determined. 
The aim of this paper is to derive the n-dimensional BT for n-dimensional Burgers system (1), 
and from the BT to reason out the n-dimensional Cole-Hopf transformation and the n-dimensional 
Auto-BT for the n-dimensional Burgers system (1). By the Auto-BT,another exact solution of the 
Burgers system can be obtained provided a particular solution of it is given. Hence, once the 
particular solution is given, using the Auto-BT repeatedly, more exact solutions of the Burgers 
system can be obtained successively. 
2. Derivation of n-dimensional Auto-BT 
Considering the homogeneous balance between 
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( ), according to SHB, we can suppose that the solution of the 
n-dimensional Burgers system (1) is of the form 
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where ,( )txxxuu nii ,,,, 21)0()0( "= ni ,,2,1 "= , be a given particular solution of n-dimensional 
Burgers system (1), i.e. 
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function ( txxx n ,,,, 21 " )ϕϕ = are to be determined later. 
Substituting (2) into the left hand side of system (1), noticing that 
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and using (3), we have 
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Using (5) the expression (2) becomes 
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provided the function ( txxx n ,,,, 21 " )ϕϕ =  satifies the equation 
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Based on (6), (7) and (8), we come to the important conclusion that if 
, , be a particular solution of the n-dimensional Burgers 
system (1) and the function
( )txxxuu nii ,,,, 21)0()0( "= ni ,,2,1 "=
( txxx n ,,,, 21 " )ϕϕ =  be a nonzero solution of Eq.(8), then the 
nonlinear transformation (6) satisties exactly the n-dimensional Burgers system (1). The 
transformation (6) with Eq.(8) is called a BT of the n-dimensional Burgers system (1). 
In order to find exact solution of the n-dimensional Burgers system (1), we consider two 
particular cases of the n-dimensional BT: 
The first case is that 
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respectively. 
Based on  and , we can say that if ）（ ′6 , ）（ ′7 ）（ ′8 ( )txxx n ,,,, 21 "ϕϕ = is a solution of 
the n-dimensional linear heat equation (8)’, then the n-dimensional nonlinear transformation (6)’ 
satifies exactly the n-dimensional Burgers system (1). Thus (6)’ with (8)’ have made up the 
n-dimensional Cole-Hopf transformation for the n-dimensional Burgers system (1), which 
coincides with that obtained in paper [5]. 
   The second case is that 
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respectively. 
Based on ）（ ′′6 , ）（ ′′7  and ）（ ′′8 , we can say that if  = , 
, is a given particular solution of n-dimensional Burgers system (1), then the 
n-dimensional nonlinear transformation 
(0)
iu ( )txxxu ni ,,,, 21)0( "
ni ,,2,1 "=
）（ ′′6  is another solution of it. Thus  with ）（ ′′6 ）（ ′′8  
have made up the n-dimensional Auto-BT for the n-dimensional Burgers system (1). 
In the next section, we will use the Auto-BT to get more solutions of the n-dimensional Burgers 
system (1), when a particular solution of the system is given. 
3. Application of Auto-BT 
It is well-known that the n-dimensional linear heat equation (8)’ has a solution 
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which is denoted by 
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Substituting (9) into the n-dimensional Cole-Hopf transformation ）（ ′6  , we have an exact 
solution of n-dimensional Burgers system (1) as follows 
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Substituting (10) which is called a seed solution into the n-dimensional auto-BT , we 
have another solution of n-dimensional Burgers system (1) as follows 
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Substituting (11) instead of  in )0(iu ）（ ′′6 , into ）（ ′′6  we have another new solution of 
n-dimensional Burgers system (1)，as follows 
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Substituting (12) instead of  in )0(iu ）（ ′′6 , into ）（ ′′6  we have another new solution of 
n-dimensional Burgers system (1)，as follows 
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and so on. The solutions  are all rational functions. (( ) 1, 2,..., , 0,1, 2,...kiu i n k= = )
In the above instance, it seems that the component  of solution for n-dimensional Burgers 
system (1) depends upon the corresponding variable  and  only. For simplicity, the solutions 
(11), (12) and (13) are considered as the functions of variables
iu
ix t
,x t andu and are shown in Fig.(1).    
However, we have other examples that the component  (iu ni ,,2,1 "= ) of solution for 
n-dimensional Burgers system depends upon all variables . For example, the txxx n ,,,, 21 "
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    Substituting (14) into n-dimensional Cole-Hopf transformation (6)’, we have a solution of 
n-dimensional Burgers system (1) 
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    Substituting (15) as a seed solution into n-dimensional Auto-BT (6)’’, yields another solution 
of n-dimensional Burgers system (1) 
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periodic function in variable
t
η , which is a linear combination of space variables ( 1 2, ,..., nx x x ). 
For simplicity, the solutions (15) and (16) are considered as the functions of variables 
,tη andu and are shown in Fig.(2). 
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Fig. 1. Plots of the solutions (11), (12) and (13) with 1μ =  
   
(a)                                      (b) 
Fig. 2. Plots of the solutions (15) and (16) with 1, 1, 1μ ω α= = − =  
Similarly, we have a solution of n-dimensional Burgers system 
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    Substituting (17) as a seed solution into n-dimensional Auto-BT ）（ ′′6  yields a new solution 
of n-dimension Burgers system (1) 
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simplicity, the solutions (15) and (16) are considered as the functions of variables 
t
,tη and and 
are shown in Fig.(3). 
u
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Fig. 3. Plots of the solutions (17) and (18) with 1, 1, 1μ ω α= = = . 
4. Conclusion 
  Using the SHB we have derived out the n-dimensional BT for the n-dimensional Burgers 
system.The BT involves a given particular solution ( )(0) 1, 2,...iu i n= of the n-dimensional 
Burgers system as well as the solution 1 2( , ,..., , )nx x x tφ φ= of Eq.(8). If  
then Eq.(8) becomes classical n-dimensional heat equation, the BT becomes the well known 
Cole-Hopf transformation; if and taking ,then Eq.(8) becomes right the 
n-dimension Burgers system for . Thus the BT becomes the Auto-BT of the n-dimension 
Burgers system. Using Cole-Hopf transformation,it is easy to get a particular solution of the 
n-dimension Burgers system. Taking the particular solution as a seed solution of n-dimension 
Burgers system and using Auto-BT repeatedly, more solutions of the n-dimension Burgers system 
can be obtained successively. 
( )(0) 1, 2,...iu i n=
(0) 0,iu ≠ (0)iuφ =
(0)
iu
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